
Spring 2025, Math 223D, Homework 4. Recommended due date: May 6.

Problem 1. Let X be a Polish space and let T : X Ñ X be a Borel map without fixed points. Fill
in the details of the proof that χBMpGT q ď 3 sketched in class.

Problem 2. Recall that N “ NN. Let D Ď N be the set of all sequences pniqiPN such that ni ‰ ni`1
for all i P N. Define a map F : D Ñ D by

F
`

pn0, n1, n2, . . .q
˘

:“ pn1, n2, n3, . . .q.

Note that, by the definition of D, F has no fixed points. Show that if X is a standard Borel space and
T : X Ñ X is a Borel map without fixed points, then there exists a Borel homomorphism φ : X Ñ D
from GT to GF . (A homomorphism from a graph G to a graph H is a function φ : V pGq Ñ V pHq

that sends edges of G to edges of H, i.e., if tu, vu P EpGq, then tφpuq, φpvqu P EpHq.)

Problem 3. Let X be a standard Borel space and let T : X Ñ X be a Borel map without fixed
points. Show that there exists a Borel proper coloring c : X Ñ N of GT such that for all x P X, we
have cpxq ă cpTxq unless cpxq “ 2.

Problem 4. Let X be a standard Borel space and let T1, T2 : X 99K X be Borel partial maps (i.e.,
for each i P t1, 2u, dompTiq Ď X is a Borel set and Ti : dompTiq Ñ X is a Borel function). Assume
T1, T2 have no fixed points. Define the graph GT1,T2 with vertex set X and edge set

␣

tx, T1xu : x P dompT1q
(

Y
␣

tx, T2xu : x P dompT2q
(

.

Suppose that the Borel chromatic number χBpGT1,T2q is finite and the set dompT1q X dompT2q is
independent in GT1,T2 . Show that χBpGT1,T2q ď 3.

Hint. For x P dompT1q △ dompT2q, let T x :“ Tix, where i P t1, 2u is the unique index such that x P dompTiq. Consider
two cases depending on whether there exists some n P N such that T nx P dompT1q X dompT2q.

Problem 5. In this problem you will prove the following:

Theorem (Palamourdas). Let X be a standard Borel space and let T1, T2 : X Ñ X be Borel maps
without fixed points. Let GT1,T2 :“ GT1 Y GT2 . If χBpGT1,T2q ă ℵ0, then χBpGT1,T2q ď 5.

Suppose we are in the setting of the theorem and let f : X Ñ q be a Borel proper coloring of GT1,T2
using finitely many colors. Define functions c, c1 : X Ñ t0, 1, 2u recursively by

cpxq :“ min
␣

k : cpTixq ‰ k for all i P t1, 2u such that fpTixq ą fpxq
(

,

c1pxq :“ min
␣

k : c1pTixq ‰ k for all i P t1, 2u such that cpTixq “ cpxq
(

.

We will discuss this definition in class on April 30. In particular, we will see that pc, c1q is a Borel
proper coloring of GT1,T2 with 6 colors (i.e., one more than stated in the theorem).

Let Y Ď X be the set of all points x P X such that

pcpxq, c1pxqq P
␣

p0, 1q, p0, 2q, p1, 1q, p2, 0q
(

.

(i) Show that the set Y X T ´1
1 pY q X T ´1

2 pY q is independent in GT1,T2 .

(ii) Use Problem 4 to deduce that the induced subgraph GT1,T2rY s has χBpGT1,T2rY sq ď 3.

(iii) Finish the proof of the theorem.
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Problem 6. Let X be a Polish space and let pGnqnPN be locally countable graphs with vertex set
X such that χBpGnq ď ℵ0 for all n P N. Show that there exists a partition X “

Ů

nPN Xn such that
each Xn is Baire-measurable and Gn-independent.

Hint. Take a countable basis pUnqnPN for the topology on X and pick Xn so that Xn X Un is not meager.

Problem 7. Finish the proof that Ellentuck-open sets are completely Ramsey. (We proved in class
that they are Ramsey.)

Problem 8. A set U Ď rNs8 is called Ramsey null if and for all a P rNsă8 and A P rNs8, there
exists X P rAs8 such that ra, Xs X U “ ∅. Show that U is Ramsey null if and only if it is nowhere
dense (equivalently, meager) in the Ellentuck topology.

Problem 9. Here we equip rNs8 with the ordinary Polish topology obtained by identifying it with
tx P C : x contains infinitely many 1su. Let X be a Polish space and let f : rNs8 Ñ X be a Borel
function. Show that for some S P rNs8, the restriction of f to rSs8 is continuous.

Hint. Iterate the following operation: Given A P rNs
8, a P rNs

ă8, and an open set U Ď X, find A1
P rAs

8 such that
for all B P rA1

Y as
8, the intersection B X a determines whether fpBq P U .
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